Abstract
Introduction
• We run additional tests which suggest that our MV optimal strategies are quite robust to 116 parameter uncertainty and model mis-specification. This implies that extensions to cases 117 such as stochastic volatility models are unlikely to matter very much over long horizons, at 118 least if volatility is mean-reverting and the speed of reversion is not slow.
119
• We provide backtesting results based on historical data which confirm that the MV optimal 120 strategy significantly outperforms the constant proportion strategy in terms of risk reduc- In an Appendix, we also present a simple and intuitive geometric description of the embed- 
The Model

131
We consider a model in which the investor chooses a strategy to allocate funds between a risky 132 asset and a risk-free asset, with a terminal horizon date T . Denote by S t the amount invested in 133 the risky asset at time t. S t is assumed to follow the GBM process
where µ is the appreciation rate, σ is the volatility, and dZ is the increment of a Wiener process.
135
Let B t be the amount invested at time t in the risk-free asset. Assume that B t follows the process
where r is the risk-free interest rate. We make the standard assumption that µ > r, so that it is 137 never optimal to short the risky asset, i.e. S t ≥ 0, t ∈ [0, T ]. On the other hand, we do allow short 138 positions in the risk-free asset (B t < 0 is admissible).
139
The wealth that the investor has invested in this portfolio is W t = S t + B t . As elucidated by
140
Benjamin Graham (Graham, 2003 , p. 89), a classic investment strategy for the defensive investor is 141 to choose a fraction of wealth to invest in the risky asset and to dynamically rebalance the portfolio 142 to preserve this ratio.
143
It is well-known that it is optimal for an investor with CRRA utility in this modelling framework 144 to maintain constant fractions of the portfolio in the two assets. Note that if constant fractions p 145 and 1−p are respectively allocated to the risky and risk-free assets and the portfolio is continuously 146 rebalanced, then the process followed by wealth W t is 147 dW t = [(1 − p)r + pµ] W t dt + pσW t dZ
and a closed form expression for the probability density of W t follows easily.
148
The dynamic MV criterion can be viewed as having a target-based objective with a quadratic 149 loss function where any penalties for exceeding the target can be avoided by withdrawing cash and 150 leaving enough money in the risk-free asset to reach the target over the remaining horizon (Cui 151 et al., 2012). To allow for this possibility, we have to be more specific about how wealth is defined.
152
Allocated wealth is the wealth available for allocation into the portfolio, and is denoted at time t by W t = S t + B t . Non-allocated wealth, denoted by W n t , contains any cash withdrawals from the 154 portfolio and accumulated interest.
155
We only consider the case where the investor rebalances the portfolio at discrete points in time.
156
Denote the set of rebalancing times by T = {t 0 = 0 < t 1 < · · · < t M = T }. Let t − and t + respec-157 tively represent instants in time just before and just after time t, and let X(t) = (S(t), B(t)) be the 158 underlying process. The rebalancing decision is captured by a control containing two components.
159
We use c(·) ≡ (d(·), e(·)) to denote this control as a function of the current state at t − for rebal-160 ancing time t, i.e. c (X(t − ), t − ) ≡ (d(X(t − ), t − ), e(X(t − ), t − )) ≡ (d(t), e(t)) for t ∈ T . The control 
Following Dang and Forsyth (2016) , the investment strategies under consideration can be charac- terized by d(t). In particular, a self-financing strategy requires d(t) = 0 for all t ∈ T . A semi-self-
172
financing strategy allows cash withdrawals, i.e. a control with d(t) > 0, t ∈ T , is admissible. In the 173 case of a semi-self-financing strategy, let t α be the times where d(t α ) > 0.
174
We can now provide a precise definition of non-allocated wealth W n t . At time t ∈ [0, T ], 
In the following, we will refer to W n T as the free cash from the investment strategy. We can now also 176 precisely specify solvency and leverage constraints. In particular, we enforce the solvency condition 
The leverage constraint is enforced as a ratio, i.e. the investor has to choose an allocation such that
where q max is a specified parameter.
182
We respectively denote by E terminal allocated wealth conditional on the state (x, t) and the control c(·), t ∈ T . Let (x 0 , 0) ≡
184
(X(t = 0), t = 0) denote the initial state. Then the achievable MV objective set is
For simplicity, assume that Y is a closed set and let Var
point (V, E) ∈ Y and for an arbitrary scalar ρ > 0, we define the set of points Y P (ρ) to be
ρ can be viewed as a risk-aversion parameter governing how the investor trades off expected value
188
and variance. For a given ρ, Y P (ρ) represents an efficient point in that it offers the highest expected 189 value given variance. The set of points on the efficient frontier Y P is the collection of these efficient
190
points for all values of ρ, i.e.
As discussed in the Appendix, the presence of the variance term in (10) precludes determining
192
Y P (ρ) by solving for the associated value function using dynamic programming, but this can be
193
circumvented with the embedding result (Li and Ng, 2000; Zhou and Li, 2000) . We define the value
where the parameter γ ∈ (−∞,+∞). The embedding result implies that there exists a γ ≡ γ(x, t, ρ)
196
such that for a given positive ρ, a control c * ≡ (d * , e * ) which minimizes (10) also minimizes (12).
197
The value function V (s, b, t) can be found by solving the associated Hamilton-Jacobi-Bellman (HJB)
198 equation (described shortly below) backward in time with the terminal condition
During this solution process, the optimal control c * can be determined. We then use this control
200
to find the quantity U (s, b, t) = E 
202
This step involves solving an associated linear PDE (Dang and Forsyth, 2014) . Given the optimal 203 control c * , it is straightforward to determine other quantities of interest by using Monte Carlo 204 simulation.
205
We now describe the HJB PDE which is used to determine c * . Define the solvency region as
, and the bankruptcy region as
and the intervention operator M(c)V (s, b, t) as
At each portfolio rebalancing time t = t i ∈ T , we apply the following conditions:
210
• If (s, b) ∈ B, we enforce the insolvency condition (i.e. the investor must liquidate all investment 211 in the risky asset and cease trading)
• If (s, b) ∈ S, we impose the rebalancing optimality condition
For the special case where t = t M = T , the terminal condition (13) holds. Within each time period
. . , 1, the following considerations apply:
215
• If (s, b) ∈ B, we enforce the insolvency condition
subject to the initial condition (17).
218
For computational purposes, we localize the above problem and apply suitable asymptotic boundary 
Dang and Forsyth (2016) note that for all t ∈ [0, T ], the state (s, b) = (0, F t ) is a time t globally 225 optimal solution to the value function V (s, b, t), i.e. V (0, F t , t) = 0 for all t ∈ [0, T ]. The value 226 function is nonnegative, so the point where it is zero is clearly a global minimum. Therefore any 227 admissible policy which allows moving to this point is an optimal one. Once this point is attained,
228
it is optimal to remain at it.
229
As previously mentioned, Vigna (2014) Table 1 : Descriptive statistics for stock index monthly log returns R and annualized risk-free interest rater. N is the number of monthly observations.μ andσ are the annualized maximum likelihood estimates of the risky asset drift and volatility respectively, with robust standard errors in parentheses. r is the average continuously compounded risk-free interest rate over the indicated period.
these statistics indicate that our model which assumes simple GBM for risky asset returns and a 264 constant risk-free rate is seriously mis-specified from an econometric standpoint. However, we will 265 argue below that this is not a major concern in our context of MV optimality with a long-term 266 horizon.
267
Our model has three parameters: the risky asset drift µ, its volatility σ, and the risk-free 268 interest rate r. Given the GBM specification, it is straightforward to calculate maximum likelihood 269 estimates of µ and σ using the log returns R. For the risk-free rate, we simply use the average value 270 of the continuously compounded annualized rate r. The estimated drift and volatility parameters 271 given in Table 1 are expressed in annualized terms.
272
Illustrative Examples
273
We now present an extensive set of illustrative examples. 8 The main benchmark to which we com-274 pare the MV optimal strategy is a constant proportion strategy in which the investor continuously 275 maintains a fixed fraction of wealth in the risky asset, which can be regarded as a common default 276 strategy. We remind the reader that for a lump sum investment, the fixed fraction strategy MV-277 dominates any continuously rebalanced strategy where the fraction invested in the risky asset is a 278 deterministic function of time (Graf, 2016) .
279
We begin with a general comparison between a constant proportion strategy with an even split 280 between the risky and risk-free assets and the MV optimal strategy derived by Bielecki et al. (2005) .
281
This latter strategy enforces the restriction that the investor's wealth cannot ever be negative, but 282 assumes continuous rebalancing and allows for infinite leverage.
283
Given the parameters, we calculate the mean and standard deviation of terminal wealth for the 284 constant proportion strategy. We next determine the standard deviation of terminal wealth for the 285 MV optimal strategy subject to the restriction that the mean for this strategy be the same as that 286 of the constant proportion strategy. We then calculate the ratio of the standard deviation of the 287 8 From this point on, we will use "expected value" and E[WT ] in place of the more cumbersome E
Similarly, "standard deviation" will refer to the standard deviation of terminal wealth as of time 0 conditional on the initial state and the investment strategy. MV optimal strategy to that of the constant proportion strategy. Obviously, this ratio is at most optimal strategy has at most 50% of the risk of the constant proportion strategy for T ≥ 15 years. which has a closed form solution. In this model the insolvency condition ensures that wealth can never be negative. "MV Optimal (Numerical)" refers to the model in this paper which must be solved numerically. In this model the insolvency condition is that if wealth becomes negative, the investor must immediately liquidate the investment in the risky asset and stop trading. The maximum leverage ratio q max is defined in equation (8).
the constant proportion strategy, particularly for relatively low values of σ and over long horizons.
307
With σ .15, the standard deviation ratio is at most .5 for T ≥ 15 years. A clear pattern displayed 308 in all three of these contour plots is that the ratio of the standard deviations drops markedly as 309 maturity rises, indicating that the superiority of the MV optimal strategy increases significantly 310 with the investment horizon.
311
Collectively, the plots in Figure 2 show that an MV optimal strategy can offer significant criterion. Enforcing such restrictions requires the use of a numerical approach, as described above.
317
The examples to follow are thus based on three different types of strategies: (i) constant pro- Table 3 : Results for the constant proportion strategy using base case data from Table 2 .
ical procedures used are described in Dang and Forsyth (2014) . The semi-self-financing optimal 335 withdrawal policy described in Section 2 is applied.
336
We specify the target expected value to be 816.62, as reported in Table 3 for the p = 0.5 case.
337
Convergence test results are given in Table 4 . For a given grid refinement level, we calculate the cash is not large, and so we exclude it from subsequent reported expected values in this section.
342
In the case with unrestricted leverage and annual rebalancing, extrapolating the results given in 343 we do not need to trade frequently. All results provided subsequently use level 3 grid refinement.
348
As a point of comparison, consider the case with annual rebalancing and q max = 1.5. Table 3 , a continuously rebalanced strategy with fixed weight p = 0.5 has the same 352 expected value, a standard deviation of 350.12, and a 56% chance of terminal wealth below 800.
353
The MV optimal strategy considered here that produces the same expected wealth as the constant
354
proportion strategy reduces the standard deviation by a factor of about 2.5 and the shortfall prob-
355
ability by a factor of almost 3. This is quite a dramatic improvement in terms of classical measures 356 of portfolio efficiency.
357
As an additional comparison, Table 3 shows that a constant proportion strategy with p = 1.0
358
produces an expected value of 2008.55, a standard deviation of 1972.10, and a 66% probability strategy produces a smaller probability that W T < W * for 360 < W * < 800. For W * < 360, the fixed proportion strategy is better than the MV optimal one, but these are very low probability optimal allocation reduces the chance of being significantly below the target over a wide range, but 375 also sacrifices the upside with very high levels of wealth.
376
To gain insight into the properties of the controls for the MV optimal strategy, we return to the 377 base case example (Table 2) Table 2 . Table 2 ).
risky asset over time along each path. Figure 4(b) shows that the MV optimal strategy starts out 393 with a mean of p slightly over one, indicating a modestly levered strategy. The standard deviation 394 of p is quite low initially. As time passes, the mean of p drops considerably.
395
A deterministic linear glide path strategy can be defined as
which would behave in a roughly similar way to the mean of p in Figure 4 (b), with suitable choices 397 for p max and p min . However, the MV optimal strategy improves on this by factoring in the target 398 and prevailing levels of wealth, as well as time. A constant proportion strategy exploits long-run 399 mean-reversion by selling assets following price increases and buying assets after their values decline.
400
The MV optimal strategy also purchases assets following declines in their prices and selling assets 401 after price increases, but in a more sophisticated way.
402
We next explore the effect of altering some of the constraints on the admissible controls. Table 5 : Perturbations of the MV optimal strategy. The base case data are given in Table 2 . The base case results are the same as in Table 4 , and are reproduced here for convenience. The no withdrawal case precludes using the optimal semi-self-financing strategy. Table 6 investigates the impact of shortening the investment horizon T . We use the data in 413   Table 2 , except that we reduce T to 15 years and we rebalance semi-annually rather than annually.
414
As with the longer horizon cases considered earlier, the MV optimal policy which has the same 415 expected value of terminal allocated wealth as the fixed proportion policy has significantly smaller 416 standard deviation compared to that strategy. The probability of shortfall at the points given in 417   Table 6 is also reduced substantially. The improvements are not as dramatic as those seen above optimal strategies increases significantly with the investment horizon.
420
We next consider the influence of the leverage ratio constraint. For long-term investments, bigger for shorter-term horizons. To illustrate, we consider a case with a 10-year horizon, quarterly 424 rebalancing, and an initial investment of W 0 = 100. In addition, we keep µ at its base case value 425 of .10 but we use extremely low values of σ = .10 and r = 0. The results shown in Table 8 : Estimated results for a continuously rebalanced constant proportion strategy with p = .5 and the MV optimal strategy with yearly rebalancing and maximum leverage ratio q max = 1.5. The investment horizon is T = 30 years and the initial investment is W 0 = 100. These results assume that the risk-free rate is constant and the value of the risky asset follows a GBM process. See Table 1 for each set of parameter estimates.
421
(2016).
445
Historical Backtests
446
This section provides backtests of the MV optimal strategy using the same historical U.S. market 447 data that was used above for parameter estimation. These tests will investigate the robustness of 448 the strategy in the presence of an imperfectly known stochastic process for the risky asset and the 449 risk-free rate.
450
While our earlier examples were based on parameter estimates that roughly reflected the last 451 six decades (i.e. the sample period from 1955 through 2014) from 
475
We store the MV optimal controls used to generate the results in Table 8 wealth level, instead we invest this free cash in the risk-free asset). 12 The results are plotted in Table 8 by large margins. However, the MV optimal strategy was clearly superior, following a 489 path that was not only higher but also much smoother, particularly towards the end of the period.
490
The primary reason for this was that the general level of the risk-free rate was much higher than 491 its estimated value of 1.13%. In fact, the average level of the risk-free rate over the investment 492 horizon was about 5.7%. We can also compare the observed properties of the stock index return 493 series over the investment horizon with the implied values from Table 1 under the GBM model.
494
The annualized standard deviation of monthly log stock index returns was 14.4%, considerably 495 lower than the value ofσ = .2445. The annualized mean of this series was 9.17%, a little higher 496 than the implied value ofμ −σ 2 /2 = .1134 − .2445 2 /2 = .0835.
497
We repeat this experiment with the parameters estimated over the period from 1926:1 to 498 1984:12. As indicated in Table 1 , the resulting estimates areμ = .1077,σ = .1998, andr = .0346.
499
We use these values to project the results for both the constant proportion strategy and the MV (Table 8) . Over most of the period, the MV optimal strategy 506 had higher wealth, falling below that of the constant weight strategy in the last half of 2013. 13
507
The MV optimal strategy was more heavily invested in the risky asset early on, reflected in the Table 1 . 
Bootstrap resampling
513
To provide more meaningful tests of the MV optimal strategy using historical data, we turn to 
518
It is well-known that an important issue when applying bootstrap resampling to time series data 519 is that the standard bootstrap assumes independent observations, so using it does not preserve tem- 
525
To address this issue, we use a moving block approach. A single path is constructed as follows.
526
The investment horizon of T years is divided into k blocks of size M years, so that T = kM . We 527 then select k blocks at random (with replacement) from the historical data. Each block starts at 528 a random quarter. We form a single path by concatenating these blocks. Since we sample with 529 replacement, the blocks may overlap. To avoid end effects, the historical data is wrapped around.
530
We then repeat this procedure for many paths. between the risky stock index and the risk-free asset. We then determine the MV optimal strategy 536 which produces the same expected terminal wealth, subject to our usual base case constraints of 537 annual rebalancing and q max = 1.5, with results shown in Table 8 under "Estimation Period: 1926:1 538 to 2014:12".
539
We store the MV optimal controls used to calculate the results in Table 8 but then apply them   540 to historical data, using the resampling approach with 10,000 bootstrap samples. As discussed in improvements obtained using these methods could be achieved by selecting the correct block size.
550
Unfortunately, this depends on the unknown stochastic process properties of the historical data.
551
Recognizing that the choice of block size can strongly affect results, we report results for a 552 range of block sizes in Table 9 . For all block sizes, the MV optimal strategy outperforms the 553 constant proportion strategy in terms of shortfall probability and standard deviation. Note that 554 the sum of expected terminal wealth and expected free cash is comparable for the MV optimal 555 and constant proportion strategies in all cases. The overall results are highly favorable for the MV 556 optimal strategy. Interestingly, the results for block sizes of 5 and 10 years are fairly close to the 557 theoretical results from Table 8 for both strategies. This again demonstrates the robustness of the 558 MV optimal strategy. Although it is clearly mis-specified in econometric terms since it assumes a 559 constant risk-free rate and GBM, the overall long-term results under these assumptions are quite 560 comparable to those observed in this resampling test for these two block sizes.
561
A noteworthy feature of Table 9 is the magnitude of the expected free cash for the MV optimal 562 strategy. The values reported here are significantly higher than those reported above in Table 4 .
563 Table 9 is based on resampling with replacement, so there can be paths where the risk-free rate 564 is significantly underestimated for a sizeable part of the 30-year horizon. This leads to some large 565 outliers, and a high average value of free cash. 15
566
We present detailed plots for the case with a block size of 10 years. for high values of terminal wealth, while of course being equivalent to the optimal allocation at 577 lower levels (where there is no free cash). 16 578 14 In the limit as block size and path size tend to the length of the time series, all samples are simply permutations of the entire time series.
15 Table 9 reports an average free cash of 126 for a block size of 10 years. In this case, the maximum observed free cash across the 10,000 resamples was 1,761, but the median value was 21.
16 Moreover, recall that we have simply invested any free cash in the risk-free asset. We could track the constant proportion strategy even more closely by allocating some of the free cash to the risky asset. The investment horizon is T = 30 years, and the initial investment is W 0 = 100. The MV optimal strategy has maximum leverage ratio q max = 1.5. Both strategies are rebalanced annually. Figure 7: Cumulative probability distributions from 10,000 resamples for constant proportion (p = .5), MV optimal (no free cash), and MV optimal (plus free cash) strategies with block size of 10 years.
of the vertical range plotted in Figure 8 (a), which excludes the worst 2.5% of observations for the 601 MV optimal (no free cash) strategy.
602
Comparing panels (b) and (a), we can observe the significance of the free cash component. In MV optimal (plus free cash) strategies. Recall that we attribute a high free cash component to 607 having a path with a high risk-free rate. As the constant proportion strategy also benefits from 608 such an environment, this correlation is not surprising.
609
Summary and Conclusions
610
Compared to the constant proportion strategy, the MV optimal semi-self-financing strategy pro-611 duces a smaller standard deviation for the same expected terminal value. A common criticism of 612 the use of standard deviation as a risk measure is that it penalizes gains as well as losses, relative 613 to the expected value. With continuous rebalancing and assuming that the value of the risky asset 614 follows a diffusion process without jumps, the total wealth of the portfolio can never exceed the 615 discounted target. As wealth approaches the discounted target, the optimal strategy is to move 616 more wealth into the risk-free asset. This minimizes both the expected quadratic loss relative to 617 the target and the variance. Under discrete rebalancing, cash is withdrawn from the portfolio if 618 the total wealth exceeds the discounted target. This is MV optimal, as well as possibly providing 619 the investor with a free cash bonus during the investment period.
620
Overall, the MV optimal strategy achieves excellent performance in our numerical simulations.
621
The general intuition for this is as follows. Recall that we are dealing with pre-commitment strate-622 gies. Since MV optimality is equivalent to minimizing quadratic loss relative to a target, the 623 investor effectively picks a target terminal wealth at the initial time. The investor pre-commits to 624 being satisfied with this terminal wealth, in the sense that if the market has good returns and the 625 target can be hit by switching to the risk-free asset, then that is the optimal policy. Again, this is 626 optimal in terms of minimizing the probability of being below the target. glide path strategies. A constant proportion strategy shifts wealth from assets which have risen 630 in value to assets which have declined in value. The MV optimal strategy also buys low and sells 631 high, but this strategy also takes into account the accumulated wealth and time-to-go.
632
From the Appendix, we observe that the target γ/2 and the mean are related by γ/2 = 1/(2ρ)+ cases where the expected value is near the target.
638
To summarize, the MV optimal strategy will be useful under the following conditions:
639
• The investor commits to a long-term strategy. With typical market parameters, the MV 640 optimal strategy can be expected to outperform a constant proportion strategy by a large 641 margin for investment horizons of at least 10-15 years, though the degree of outperformance 642 will depend on factors such as the maximum allowable leverage ratio.
643
• The investor pre-commits to a target wealth at the end of the investment horizon. The 644 reduced risk associated with the MV optimal strategy comes at the cost of eliminating some 645 investment paths with gains which would substantially exceed the target.
646
• The investor should be somewhat risk-averse, so that the target is relatively close to expected 647 terminal wealth.
648
• The investor must accept that for some low probability cases where the risky investment 649 returns are very poor, the constant proportion strategy will turn out to be superior to the 650 MV optimal strategy.
651
These conditions could be applicable in scenarios such as individuals saving for retirement, pooled 652 pension plans, or education savings plans.
653
A possible extension for future work is to incorporate randomness over time in parameters such 654 as volatility or the risk-free rate, but it would probably be better to do this through a regime-655 switching model which allows for long-term persistence, rather than a mean-reverting diffusion model. However, the relatively simple specification used here which assumes GBM and a constant 657 risk-free rate appears to be quite robust. convert this to the problem:
where ρ is a risk-aversion parameter. In this setting, "indifference curves" are straight lines on and Chabakauri, 2010).
715
The basic idea of Li and Ng (2000) and Zhou and Li (2000) is to consider an alternative problem 716 which can be solved via dynamic programming. Every solution of the original problem is also a 717 solution of this alternative problem, so the original problem is embedded in the alternative one.
718
This is the basis for referring to this idea as the "embedding result". Reconsidering problem (P1),
719
imagine constructing the straight line in the (V, E) plane
where C 1 is a constant chosen so that the intersection of (23) and Y contains at least one point.
721
Then reduce C 1 (i.e. move line (23) to the left) as much as possible, keeping at least one point in the intersection of Y and line (23). Any remaining points on line (23) that are in Y will be Pareto
where C 2 and C 3 are constants. Informally, this is a leftward looking parabola in the (V, E) plane, −1/(2E * − γ) = ρ at (V * , E * ), implying that γ = 1/ρ + 2E * .
738
To recap, we would like to determine Pareto optimal points by solving problem (P1) directly, 739 but this is not possible using standard dynamic programming. However, any strategy that solves and Q. But we could solve (P2) and reach a point such as R, which is clearly not Pareto optimal.
750
However, a simple procedure can be used to eliminate any non-Pareto optimal points (i.e. points 
